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Numerical Study on the Reflection of a Solitary Wave by a Vertical Wall
Using the Improved Boussinesq Equation with Stokes Damping

Jinsoo Park'-Taek Soo Jarwgz'T
Korea Research Institute of Ships & Ocean Engineering, Deep Ocean Engineering Research Center'
Department of Naval Architecture and Ocean Engineering, Pusan National University2
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which permits unrestricted non—commercial use, distribution, and reproduction in any medium, provided the original work is properly cited,

In this paper, we simulate the collision of a solitary wave on a vertical wall in a uniform water channel and investigate the effect of
damping on the amplitude attenuation, In order to take into account the damping effect, we introduce the Stokes damping whose dissipation
is dependent on the velocity of wave motion on the surface of a thin layer of oil, That is, we use the improved Boussinesg equation
with Stokes damping to describe the damped wave motion, Our work mainly focuses on the amplitude attenuation of a propagating
solitary wave, which may depend on the Stokes damping together with the initial position and initial amplitude of the wave, We utilize
the method of images and a powerful numerical tool (functional iteration method) for solving the improved Boussinesq equation, yielding
an effective numerical simulation, This enables us to find the amplitudes of the incident wave and reflected one, whose ratio is a measure
of the (wave) amplitude attenuation, Accordingly, we have shown that the reflection of a solitary wave by a vertical wall is dependent
on not only the initial amplitude and position of a solitary but the Stokes damping,

Keywords : Improved Boussinesq equation(ZHM=! EAJHIA T BFHA)  Stokes damping (Stokes Z+4y), Functional iteration method(gt4=

HH=E)  Solitary wave(E/T}), Wall reflection(=HH HEA]

1. M B Sk EESF Brocchini (2013) FAIUAT A widalel &
EJ"-PHOH 1 olrel hHE Jeks naeh Z4| HFHLS0l At
Boussinesq (1872)7} M|okst HA|{| AT gigAl o) FX{Ql thel =2 oliAlSks Hlol o ?oet 458 22 =+ USS
A2Tmo| X|HEAloZ of HIMEIAQIN| T CHA] AMmlst gr3ich. Wu and Hsiao (2018)& ==0ilM 1ZTt A 2l
= MLlale] x| ZA] oXM5| 2ge1 Qo o] HEAR MufsiH HlEe| JekoZ olot Mo 3! olE 52 Qs T
O|AFMol =ZolA BHENZS SX|sid Mufsk= D2InfE 1 o Moz mfe| ka7t ddets FESIGICE J2|n =25 M}
2 JRICh SHX|at AlK| SAIME ofmst Tle| Mujo|ME at sh= UEmbe| TIF Zaof 2heh o|2& o7t pREl HE Act

A Clekst Qolof| 7[2I5F of|iX|e| AAlZ oI5 Zha|7} At (Keulegan, 1948; Mei, 1983).

Ct (Dutykh & Dias, 2007). &AM AT nElule| Mul= 0l2{3} HiZHOZ HA|AT uhxAlo] ZH4[ERS T2{3h Clok
ghat =39| of|{%| 2Ao| SHHEICE Bona et al. (1981)2 & oF AT SAEIACE Zelt (1991)= AdE FAHAT FHA
wo| Hamel 22 HOIE pUY Fof of DAl ujME o o RFFY BE WAl vi=h ool o3 24gt Amlz o
S 12450 $2| PHO| 2= ALt 2AES TeiE off 2ot thFoll Z|21et AAets TSl 2 ZARY HiEH
o=zM slilel 22| EfFM S ¥= Zo| o|Fol o Ity Z= o| RofMe| o] 2ES AHsIICE Liu and Orfila (2004)
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o Dutykh (2009)= HIEHH ZAH =0l HF dH S0l ozt
ol 7|9l Z4|sks 1afst 5% LW (depth—averaged) FAI
HA3 2F-AlS MeksIGITt Arévalo et al. (2002), Dutykh
and Dias (2007)2F Wang and Xu (2013)2 && A<M &
Hz=Zol| 2 20102 QIsh of|LX| AAlof| 7[olst Stokes 2+

2t Hdol| ofgk L5 ol x| Ao Z|2leh RAYSA &
.I

SR Zo| mte M
ot olZsHx| eon, JHYS S8 SRS MEE T
2 9l0f cyst 2 blME 2Hzel 280| 4ot

oF ZALR| Hel Liofl A Erotol EzAd|, DRmlo] HH Bt

go| 2ol 2t AlE d7e e o il el

ATOIME 2/F OlEof 7|2l5k Stokes &S 2gh 7h4

FAU AT HAS 0|35l AlshMEg Sall, REupt
=2

T SRR E B HIARZ

ﬁ

lo 4% 1 rjm oY o
s
= ¥
1T
|-[:I
2
ot
n
_O'L
kl

2 =22 oRolA 24| FAMAT WA T sHozM

iR E 0|88 ofjoll 2kl ZI2fshH MYgich 3TolM=
[u]
A

SR 1 2ol thet APS HAISID 4TolME £ of
To| #siol AWE Lopict

Stokes Z/ets T2fst FXtale| JHMEl FAHAT diY
Al2 olgfeb Zch (Wang & Xu, 2013; Wang et al., 2013; Lu
et al., 2016).

’ ’ ’ _ ’2 ’
Ny =N o =1 2ty = (77 )1'1'71/5 Ty (1)

0{7|M, n'(x, t')= BRI T g, ofef MAL x'nf (' 2+
Zt 32 3 AlZE Ho|R, ve= FAF Stokes 22| AHlZ=0|ct
olm, Stokes Z4l= AFFH Ao| of|L{X| AAof| o$H Zt4(0|
Ch olE S0, AkrH Ao g2 70| ALH XiFH &
ollAel HM S=d0| AH LiollAel SHECt AHX|H O xf
0|2 olsf ~Alo| BHMSH=L| (Debnath, 1994), 0|8 22|82
2 2{spy| sl &7t ool &0 H|2|sk= Stokes Z2Et
(Arévalo et al., 2002; Wang & Xu, 2013)2 £ 9i7%0|| o|&sict

O[M| Fxad X[uierEA (1) 22| Rfplol 422 Helsp|
fle FRIY-22| R A2 ofzfet 2ot

,_3n 39, _ V3
e T ) @)

017 |M, h's SAl(m), gi= E247145(9.80665m/s?)olck. ofoi
2 Al (1 A

h?) 39
M — anrzr - ?%m = 7(772 ):r,m - 65 s T (3)

017|1M, co= SMEE(=/gh,), o5 B2l X212 Stokes Z
2] H2(= vg\/39/hy )OIk O, 65=021 A<, v|Z2]2| 74
ME EAH AT gb™Al L ZU5iC)H (El-Zoheiry, 2002; Lin et
al., 2009; Zhang & Lu, 2012; Wang et al., 2014; Jang,
2017). J2|1 %7| =742 o2t 2ok

=3
=
—
S
NS
3
=
8
(=}
=
=3
V)
o
S
NS
I
3
—
8
(==}
=
=

S AAEZIOR $7 HHOIME WiAL X2, EBiolM of 2
22 Dot 2y xS ABsICH

SHE=E(Jang, 2017; Jang, 2018)2 X&3517| 2lsl o|&
HHAl (3)2 S71o| MEUMAloR Hslsic) A1, Al (3)9
oHHof| 7R T2 HH|E{(pseudo—parameter) B (rad/s?) S Z&tst
= 7F¢ gHpseudo term) B+ nE C5tH ckSnt 2ok

2
0
Mt — an:pzr - ?nrpzrtt +ﬂ = @(I,t) (5)

07|, ol 2[He O(x, 1) ch31t 2tk
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& (x,t) =3g(p} +n - n,,) —bg-n+6-1 (6)
OlH| & (5)= CiS=l 20| S71e| MEUHA! SHelZ st
&t 4= Ut (Jang, 2017; Jang, 2018).
2 po poo
w@n =% [ [ ek - n(©de
i=1Y0 Yo
t [} [}
+/ / / G, t,6,k,7) - D(&,7)dedkdT (7
0o Yo Jo
0f7|M, Hd(kenel) B ¢, i=1,2,32 ck21} Lok
Gz, t.6k) = %costt - coskx - coské (8)
sinwgt
Gzt 6 k) = 2 e coskz - coskE 9)
T wpy
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. o
Gt & k7) = iaw - coskz - coské (10)
0{7|M, I} Fukg o, (k)= Chaxt 2k
22
k™ + 5
E)=\l——5— "
op (k) 1+h22/3 ()

Ol E=rit=HE TSPl 2M MER2 e X, j=

= (MM M) (12)

olof izl Al (7)2 Zahshs &
Mgt 4= 9t (Jang, 2017; Jang, 2018).

pHe| HE HEwEAS 7

2 co co
K@ =3 [ [T aeen) -
j=1

+\/0't\/.gw\/0‘wG(3)(x,t,§7k,T) . ¢[X(£,T)]d£dkd7' (13)

0= [ [
A / / Na,t.€.k,7) - X 7)]dedkdr (14)

Gz t.6k) - n,(€)dedk

é/ / Mt k) - (&) dedh
+/ /mfgmq_ﬁﬂ (2,t,6k,7) - DLX(&,7))dedkdr (15)
() 2/ [ cwnen) -
+ / f f Vot &) - BIX(ED)dedkdr  (16)

o7 |M, A (6)2l o= Al (12)2] Helol| w2} chZat 2ok

=3¢(X]+ X - X)) =65+ X,+0- X,

A
=
~

)

Jang (2017)2 & (18)2FE spHtE#H S M etsiict

X" =D(n,,X""") (19)
0{7|M, n=1,2 - 2 =5 SIFE oofsin], g =J(|X[=
x%=00|c}.

IESH Jang (2018)2 & a7 1A} ZI2HHIE! L (>0)E £¢
5101, ofeilet Zo| Al (19)9| FEM S JHMst =S X
oksIiCt.

X'=(1-\)-X"'+x-Dn,Xx"") (20)

Park (2020)2 3le| W2 £ 2la Al (20)2| 714+ it

HEl WE EH=ol X2l 2Rl w2t 7Aooz ARZSIRC
RAk= chE2t 2ol Felelt
etn) = lxr—xr"1,/ I xll, (21)

o{7|M, |]|l,& F22|= =E(Euclid norm)olct £ o370l
T 7HH TR mRfHE .S AESId sRlsfAlol AR
(Fig. 2a).

0.3, if 1072 < e(n

(n)
\ 210501107 < e(n) <107
0.8, if 107! < e(n) < 107°

1.0, if e(n) <10™*

J2|10 2 AFME 2RRIE oy = 10022 MY vt
2o =7 J|ZF(stopping rule)g SHESk= gHE Bl$ pol|s
o 3= & sz ARSI

e(n) <ey (23)
3. TxlHA
3.1 TAleHA B
Fig. 12 2 o7 T2 E LIERHACE A0 h2 YXSH

£20|M E7| 9Ix| x =x0ll 7| ZE0| 2,0 DRI} H4ks
0 x= 001| N'\E 2F| ool ZE8H S x=x,0F TS0l bt

oluf, EHk=H S HIME HolE YAl (3)o] 0|2k ok

AlsHweak formulation) 2 MealSHK| 41 Itz A6t Algte] FZg a2l skl v A (1)0lM HolEl 2R

Ch 4 (14)-(16)2 HZ B G, G, Go= 242t Al (B)-(10)2  Stokes 24| A=, S8 ghiate] T ap2f F0ix 271 A

o |_E_3}o4 =}, E a°l HIE aT/aOEF 51, HhAtzfe| FZE Zt|S(amplitude

Al (13-(16)2 & Of AAMS= LERY7| glof {2oisxt  attenuation ratio) r& CHS2t Z0[ Fefgict.

D, i=1,2,3,42t =7 = no=(nq, n2)E Helst0] chazt ar )

Zo| 24517 LIERE 4 Sich r=lm 24)

X= D(ﬂon) = o:’:I'LO'”A'I 7(l""‘l Stokes Z | 7:”T VSOH IIl'El' le Kl
= arhy2t 7| RIR| xg/hyS HEleIHAM ZIZ Z4(E 1ol Cthet

= [‘Dl (17[)7X)7-D2(,'70’X)3D3(770aX)’D4 (non)]T (18) Oo:léog -1 }'n_H:"
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K= |— (26)

c= g(ho-l-ao) (27)

= AT0IM 2E FAlBHAL] S7H AL @2 0<x=<30 m,
o

AR 242 Ax= 0.1 m, T2 hy=0.5 mZ M5 BHH
Fig. 1 Definition sketch off AlZk AlAF gode mRlmle| X7| 91| x.of w2t Zelslod
. o _ ARESICE &, x=10 m¥ M, 0<t<9s, xo=15 m¥ M, 0=
Table 1 Numerical values of the principal variables (<1355, x0=20 m2 O, 0=<t=1850[0{ ZIX} ZIZHS A=
No. | arho | X/ho Vs ar/ao r 0.1s2 YHsich 2|1 JHat T2fiE] B= Jang (2017)2]
1 0.1 20 107 0.9947 0.0053 oM W2 2Xl| HHES|E TESH= W7} 0.1rad/s?<B
2 0.2 20 10 | 0.9945 | 0.0055 <1.0 rad/s’2l2 2510 0.2 rad/s’2 AN Al (22)9]
3 0.3 20 10 | 0.9963 | 0.0037 7@ JHAb TIRINEIS ARSI 2T S $R[EA Zape
4 0.1 30 107 0.9934 0.0066 == AISo|A A A} THAIE MEISE| 98 Utixoz
51 02 30 10" | 0.9947 | 0.0053 Argste 2Atel A (Madsen, 1970; Kim & Oh, 2021), &
6 | 03 | 30 | 100" | 09974 | 0.0026 THDE wh, B2 Wy, A2 t\/gTOQE Lethct
o o oo T 12 i i 2 1 55 a2
5 0'1 20 1055 0'9889 0'01 v 2R xo/hy & Stokes 2+ 74I—T— | EEP } %,EF 2 IX| |
: - : : A ANZRE FHE FE | ay/a2t TE HHE 12
10 | 0.2 20 10°%° | 0.9887 | 0.0113 e
1 0.1 40 10°° | 0.9777 | 0.0223 -
12 | 02 40 10°° | 0.9802 | 0.0198 o . . . -
13 | 0.1 20 10° | 0.9706 | 0.0294 . e
14 | 0.2 20 107 | 0.9703 | 0.0297
15 | 0.1 40 10° | 0.9350 | 0.0650 10 prommmmn G 205 ]
16 | 0.2 40 10 | 0.9383 | 0.0617 = 107 e ——————————————— PRy
17 | 0.1 20 | 10%° | 0.9156 | 0.0844 * 10" T ———————————— :
18 | 0.2 20 10%° | 0.9146 | 0.0854 10°F ol Avar = 1.0 4
19 | 041 40 10%° | 0.8125 | 0.1875 TR S\ S y
20 | 0.2 40 10%° | 0.8167 | 0.1833 107 - : . P
21| 01 | 20 | 107 | 0.7648 | 0.2352 : 10 w00 T
22 0.2 20 1072 0.7603 0.2397 (a) Error and the stopping rule
23 | 03 20 102 | 0.7649 | 0.2351
24 | 0.1 30 102 | 0.6465 | 0.3535
25 | 0.2 30 102 | 0.6420 | 0.3580
26 | 0.3 30 102 | 0.6494 | 0.3506
27 | 0.1 40 102 | 0.5262 | 0.4738 8f(5)
28 | 02 40 102 | 0.5272 | 0.4728 < 0.10
< 0.05
0
3.2 R[N 60
20
Tx[sAMol| ARSSH nElut 7| M2 ckgat 2ot 0 20
g/ho 00 z/hg
i, (z) = agsech? Kz —z,)] (25) (b) Numerical solution: n=37
ny(x) =—2cayKsech?[K(z —x,)] - tanh[K(z —z,)] Fig. 2 Functional iteration solution: Table 1, No. 21
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Fig. 6 Amplitude attenuation ratio r dependent on the initial
amplitude ao / ho

Fig. 62 Table 12| No. 1-62} No. 21-262| $x[5i41 Zz}
2 242} Stokes 24| ASE DHSE F (1,=10", 109), &
7| 9IA] (xo / ho=20, 30)2F £7| FZ(ay /o = 0.1, 0.2, 0.3)
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| Aszkgol & o 71 AlZE S¢F ofct (Cooker et
al., 1997). olof| w2} Fig. 6(a)2t 20| X7| TZo| Xg4=2
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Fig. 7 Amplitude attenuation ratio r dependent on initial
position Xo / hg

Fig. 7(a)= Table 12| No. 1, 4, 72} No. 2, 5, 89| &2
Stokes 22| A= mf x[sHA Zzfo|ch o] ZF, HTHA
M Z7| IXLE mle| Z4g0| 304, Fig. 6(a)2t 20| =7|
HZo| 25 ghAtmlel (7t &t 2|1 Fig. 7(b)=
Stokes Zt4| Al=7} 2 Table 12| No. 21, 24, 272} No. 22,
25, 282 LIEHfD, 2 22 A e =7| F=of dlsl =
71 /IxI7F g0l XA HEs oS & 5 At

Fig. 82 Zt2t 7| QI%IE %o/ hy=20, 4022 1¥3I =
7| ZZo| wZ Stokes (e AES LIEMACE Fig. 8(a)=
Table 12 No. 1, 9, 13, 17, 212} No. 2, 10, 14, 18, 22&
Fig. 8(b)= No. 7, 11, 15, 19, 272} No. 8, 12, 16, 20, 28
Z}zb LiEpdc) Zizte| ZnlzRE =107 o, ZAgo|
0.0084 o[5l=2 Ztonq, v =107 Z2, 7| x| xo/hy=20
OllA Z2|80| 2k 0.03, xo/hy=400A 2k 0.060|ct T2|11
ve=1072 W, xo / hy=2001A] Z+2|80| 2F 0.24, xo/hy=40
ollA 2k 0.470Ict, w2IM 22 Z7| IRldMe £7| JIEECt
Stokes Zt2(7F BrAtIte| 282 g0] X|ujA{el ks olFcl.
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Fig. 8 Amplitude attenuation ratio r dependent on the
Stokes damping coefficient vs
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